In this work we evaluate the impact of the long-distance QED radiative contributions, induced by the magnetic-dipole corrections to the final charged leptons, on the B meson decay widths
Introduction
The semi-leptonic flavor-changing neutral currents (FCNC) B meson decays B → (X s , X d ) + − with = e, µ, τ , with X s representing any hadron with overall strangeness S = ±1, are very powerful tools to test the Standard Model (SM) predictions [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and also sensitive probes to any New Physics (NP) beyond it [11, 12] . Indeed, due to the fact that the FCNC processes are forbidden at the tree-level, the sensitivity to any potential NP contribution turns out to be strongly enhanced in the b → s + − decays.
Concerning the exclusive decays B → (K, K * ) + − , great efforts have been devoted to achieve accurate SM predictions for the corresponding branching ratios and their distributions [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . However, these observables are affected by large theoretical uncertainties, mainly due to the evaluation of the form factors and estimate of the non-factorizable hadronic corrections.
Recently, the exclusive B meson decays B → K + − and B → K * + − with = e, µ have been measured and in particular, the Lepton Flavor Universality (LFU) ratios R K [25, 26] and R K * [27] [28] [29] defined as
where q 2 represents the invariant mass of the dilepton + − system. As suggested in [30] , the R K,K * ratios can provide a clean test of the LFU of weak interactions predicted by the SM and are also sensitive probes of any new interactions that could potentially couple to electron and muons in a non-universal way [31] . Indeed, due to the LFU of gauge interactions, the SM prediction for these ratios is almost 1, for q 2 (4m µ ) 2 [32, 33] . Moreover, the hadronic matrix elements mainly factorize in R K,K * , thus reducing the main theoretical uncertainties and enhancing the sensitivity to any potential NP that might induce LFU violations.
The LHCb experimental result [27] reported for the following two q 2 bins is R K * = 0.660 +0.110 −0.070 ± 0.024 0.045 GeV 2 < q 2 < 1.1 GeV 2 0.685 +0.113 −0.069 ± 0.047 1.1 GeV 2 < q 2 < 6 GeV 2 .
(2)
This should be compared with a recent SM prediction [33] R SM K * = 0.906 ± 0.028 0.045 GeV 2 < q 2 < 1.1 GeV 2
1.00 ± 0.01
where the effect of soft and collinear LFV radiative QED corrections, has been taken into account. As we can see, the experimental measurements in the above q 2 bins show a substantial deviation from the SM expectations, although it is still within 2.6σ significance level.
Recently, new measurements of R K * come also from the Belle Collaboration [28, 29] . Combining charged and neutral channels, the corresponding values in the q 2 < 6GeV 2 region are [28, 29] R K * = 0.52 +0.36 −0.26 ± 0.05 0.045 GeV 2 < q 2 < 1.1 GeV 2 0.96 +0. 45 −0.29 ± 0.11 1.1 GeV 2 < q 2 < 6 GeV 2 .
(4)
These results also show some substantial deviation from the SM central value, especially at low bins close to the dimuon mass threshold, although the combined error is large enough to leave the deviation on the statistical significance within ∼ 1σ. Concerning the R K , the most recent measurement by LHCb in the low q 2 region recently appeared [25, 26] R K = 0.846 +0.060+0.016 −0.054−0.014 1.1 GeV 2 < q 2 < 6 GeV 2 ,
where the first and second uncertainties correspond to the systematic and statistic errors respectively. There, the full 5fb −1 of data have been analyzed, including only the charged channel B + → K + µ + µ − . Compared to the previous LHCb measurements, we can see that the SM central value is more close to the SM one, although the significance tension is slightly reduced from previous 2.6σ (at 3fb −1 of data) to 2.5σ. In recent years, a large number of papers have suggested the possibility that all these deviations could be interpreted as signal of NP interactions, that potentially couple in nonuniversal way to muon and electrons . However, in order to quantify if the observed SM deviations in R K,K * could be addressed to a genuine NP contributions, a precise estimation of the SM uncertainties is required. In this respect, in [33] the LFU violation contributions in the SM coming from the real photon emissions and its virtual effects, have been analyzed and the results are summarized in Eq.(4). This task consists in the computation and re-summation of the large (α/π) log 2 (m B /m ) terms originating from the one-loop QED radiative contributions. These corrections depend by the choice of the m rec B mass for the reconstructed K * + − system, and are safe from infrared and collinear divergencies. Using the same m rec B in the range adopted for instance at the LHCb [27] , it has been shown that the largest QED effect does not exceed a few percent in R K,K * [33] .
Larger SM uncertainties in R K * are expected in the q 2 region closer to the mass threshold q 2 ∼ 4m 2 of the final lepton states. As shown in [33] , contributions coming from the direct photon emission amplitudes induced by the light-hadron mediated amplitudes should be also taken into account. These are of the type B → K * P 0 → K * + − γ, where P 0 stands for an on-shell η or π 0 meson state. In [33] it has been estimated that these contributions give an effect on R K * of the order of ∆R K * ∼ −0.017 for 0.045 GeV 2 < q 2 < 1.1 GeV 2 , while they become negligible for q 2 > 0.1 GeV 2 , where the meson-mediated amplitudes becomes lepton universal.
In this paper we focus on a new class of QED radiative corrections that have not been considered so far in the literature and that could provide LFV contributions to R K,K * . In particular, we consider the effect induced by the QED magnetic-dipole corrections to the final lepton pair, on the B → K + − and B → K * + − decay rates and in the ratios R K,K * . These corrections represent an independent set of standalone QED radiative corrections, being gauge invariant and free from any infrared and collinear divergencies. The motivation for estimating such corrections is due to the fact that they are manifestly Lepton Flavor (LF) non-universal, being related to the lepton magnetic-dipole operator, and could provide an extra source of LFV to the R K,K * observables in the low q 2 region. Indeed, due to the intrinsic long-distance nature of magnetic-dipole interactions, mediated by the one-photon exchange amplitude, their contribution is particularly enhanced at low q 2 .
We can see that, by means of chirality arguments, the interference between the amplitude containing the magnetic-dipole correction and the leading order SM amplitude turns out to be chiral suppressed, naturally providing a LFV correction to R K,K * . This automatically guarantees that the magnetic-dipole contribution to the width in the electron channel turns out to be much smaller than the corresponding muon one. On the other hand, the magnetic form factor F 2 (q 2 ) can partially compensate for this chiral suppression in the dimuon final state, since F 2 (q 2 ) ∼ 1/m µ in the region close to the mass threshold q 2 → 4m 2 µ . Although potentially large in this region, the F 2 (q 2 ) contribution is spread when integrated over a finite range of q 2 , giving rise to a mediated contribution that is difficult to estimate without a complete analysis. As we will show in the following, larger corrections in R K * with respect to R K are expected, since the magnetic-dipole contributions are more enhanced in the B → K * transitions than in B → K, due to the contribution of the longitudinal polarization of K * .
We will provide analytical results for the QED vertex corrections to the various differential B decay widths, induced by the magnetic-dipole corrections to the final lepton pair. Then, we evaluate the impact of these corrections on the R K,K * observables and compare these predictions with the corresponding LFV results induced by collinear and infrared QED corrections [33] . To complete our study, we will include another set of corrections induced by the long-distance contributions to R K,K * . In particular, the ones related to the Coulomb potential corrections, that can be eventually absorbed in the so-called Sommerfeld-Fermi factor [58] [59] [60] .
Due to the gauge-invariant structure of the magnetic-dipole operators, these results could be easily generalized to include potential contributions from NP scenarios that are mediated by long-distance interactions. So far, the majority of the beyond SM interpretations of the B-anomalies rely on NP contributions affecting the Wilson coefficients of the short-distance 4-fermion operators O L and O 9 [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . Here we explore the possibility to explain the R K,K * anomalies by means of new physics scenarios mediating long-distance interactions. In particular, we analyze the contribution of a massless dark-photon exchange in the b → s + − transitions, which mainly couple to both quarks and leptons via magnetic-dipole interactions [61] , and estimate its impact on the R K,K * ratios.
The paper is organized as follows: the analytical results for the magnetic-dipole corrections to the widths of b → s + − and B → (K, K * * ) + − are given in section 2 and 3 respectively. Section 4 is devoted to the analysis of the Sommerfeld corrections to the widths. Numerical predictions for the corresponding branching ratios of these processes and for the ratios R K,K * are provided in section 5. In section 6 we analyze the impact of a NP scenario on the R K,K * observables, given by the exchange of a massless dark-photon via magnetic-dipole interactions. Our conclusions are provided in section 7.
2 Magnetic-dipole corrections to b → s + − We start this section by providing the notation used in the Effective Hamiltonian relevant for the semileptonic quark decay
where corresponding momenta are associated in parenthesis. After integrating out the W ± and top-quark, the effective Hamiltonian relevant for the ∆B = 1 transitions in Eq.(6), is given by
Here we adopt the definitions of operators Q i (µ) as provided in [1] [2] [3] [4] and the results for the corresponding Wilson coefficients C i (µ) evaluated at the next-to-next-to-leading order (NNLO) [5] [6] [7] [8] [9] [10] , with the renormalization scale µ chosen at the b-quark pole mass µ = m b . Starting from the effective Hamiltonian in Eq. (7), the SM Feynman diagrams contributions to the b → s + − amplitude are given in Fig.1(a) -(c). The diagrams (c) represents the contribution of the QED radiative corrections to the final lepton states, proportional to the magnetic-dipole form factor, that will be discussed in the following. The grey square vertex stands for the insertion of the local 4-fermion operators Q 9,10 , while the grey circular vertex corresponds to the contribution of the magnetic-dipole operator Q 7 . The diagrams (b) and (c) describe the long-distance contributions to the amplitude mediated by the virtual photon. The NP contribution, characterized by the diagram (d), will be discussed in section 6.
The amplitude for b → s + − decay can be simply described by introducing the effective Wilson coefficients C eff 9 (ŝ), C eff 7 , C eff 10 (for their definition in terms of C i in Eq.(7) see [10] ), in particular we have
where s = q 2 , q = p + +p − , σ µν = i/2 [γ µ , γ ν ], and ψ L/R ≡ (1∓γ 5 )/2ψ, with ψ the corresponding Dirac spinor in momentum space. Terms in parenthesis [· · · ] in Eq.(8) stand for the usual bispinorial matrix elements in momentum space, where sum over spin and color indices (for the quark spinors) is understood. The last term in the amplitude in Eq.(8) comes from the photon exchange between the contribution of the ∆B = 1 matrix element of magnetic-dipole operator Q 7 and the tree-level EM current¯ γ µ . There, we have also retained the contribution of the Flavor Changing (FC) magnetic-dipole operator proportional to the strange-quark mass m s . All along the paper we will use the results for the effective Wilson coefficients C eff 7,9,10 (µ) computed at the NNLO as provided in [10] , and evaluated at the renormalization µ = m b scale, with m b corresponding to the b-quark pole mass. For their numerical values see table 1. Notice that only the C eff 9 (ŝ) has a q 2 dependence (or analogouslyŝ), due to the the inclusion of the matrix elements of operators in its definition [10] . We removed the µ dependence from all C eff i , while retained theŝ dependence only in C eff 9 . Now, we analyze the QED radiative corrections. Since we are mainly interested in analyzing the effect of a specific class of virtual corrections which are manifestly gauge-invariant as well as LF non-universal, we restrict our choice to the selected contribution of the magnetic-dipole corrections into the final lepton pair + − . A complete treatment of the full EM radiative corrections on the decay widths of b → se + e − , that would require the computation of all virtual corrections and real photon emissions at 1-loop, goes beyond the purpose of the present paper.
We start by substituting the tree-level vertex γ µ appearing in the matrix element of the leptonic current [lγ µ l], with the full vertex Γ µ (q 2 ) as follows
whereq = q/m b and so F 2 (q 2 ) turns out to be a dimensionless form factor. In order to isolate the magnetic-dipole contribution, we retain only the F 2 term in Eq.(9) and set F 1 → 1. The form factor F 1 (q 2 ) is almost LF universal. Its main LFV contributions are contained in the terms proportional to α log (m B /m l ). The contribution of these large log terms, from virtual corrections and real emission have been consistently included and resummed in the analysis of [33] . The contribution from the magnetic-dipole form factor F 2 (q 2 ) is a gauge invariant and IRsafe observable, and it is manifestly flavor non-universal being proportional to the lepton mass. Moreover, it does not vanish in the q 2 → 0. Indeed, the q 2 → 0 limit of F 2 (q 2 ) is related to the well-known contribution to the anomalous magnetic moment (g − 2) l . Moreover, as we will show in the next sections, the F 2 correction does not factorize in the R K and R K * observables and it is dominant in the q 2 regions close to the dilepton mass thresholds. Its LFV contribution to R K,K * could be large and of the same order of the QED leading corrections induced by the soft and collinear photon emissions [33] in the low q 2 region.
In the following, we will change the argument dependence F 2 (q 2 ) → F 2 (ŝ) where we have defined the symbolŝ ≡ q 2 /m 2 b . At one-loop the F 2 (ŝ) expression, for positive q 2 > 0 is given by
where r ≡ m 2 /m 2 b . In the limit q 2 → 0, or analogouslyŝ → 0, the F 2 (ŝ) reproduces the wellknown result for the anomalous-magnetic moment correction to g − 2, in particular at one-loop we have
.
The Feynman diagrams for the SM amplitude of b → s + − , including the magnetic-dipole contributions, are shown in Fig.[1] . The corresponding total decay width can be decomposed as
, and Γ b 0 include the differential contribution to the width of the square amplitude of the SM without the O(α) magnetic-dipole corrections. The Γ b M absorbs the contributions of both the interference of the O(α) magnetic-dipole amplitude with the zero order in the SM and its square term. Although the latter is of order O(α 2 ), for completeness we included it in our analysis. The reason is because this contribution has a higher infrared singularity at small q 2 and it could in principle give a potential m 2 B /m 2 enhancement in the rate, although suppressed by a higher power of α. Eventually, we will see that its effect is tiny and can be fully neglected in the analysis.
After computing the square amplitude and summing over polarizations, the corresponding expressions for the differential width are given by + (C eff 7 Re C eff 9 (ŝ) K 7,9 + C eff 10 C eff 7 K 7,10 + Re C eff 9 (ŝ) K 9,10 ,
Re C eff 9 (ŝ)F * 2 (ŝ) M 7,9 + C eff 10 Re [F 2 (ŝ)] M 7,10
Above, we used the property that only C eff 9 (ŝ) is complex. Then, by retaining all mass corrections, the coefficients K i,j are given by
s (2r +ŝ)(1 −ŝ − r s (2 +ŝ) + r 2 s ) K 7,10 = 4û(1 + r s ) K 9,10 = 2ŝû (15) and for the M ij coefficients we have
where r s = m 2 s /m 2 b . The kinematic region for the variablesû andŝ is [12] 4r
withū(ŝ) = λ 1 − 4r ŝ and λ ≡ 1 + r 2 s +ŝ 2 − 2ŝ − 2r s (1 +ŝ). The variableû corresponds to the θ angle between the momentum of the b quark and the antilepton + in the dilepton center of mass system frame, expressed in this frame by the relationû = −ū(ŝ) cos θ.
After integrating inû on its whole kinematic region, the corresponding distributions dΓ b /dŝ can be obtained from Eq.(14) by replacing the 
whileK 7,10 =K 9,10 =M 7,10 = 0. The results in Eqs. (15) , (19) for the SM contribution without magnetic-dipole corrections, agree with the corresponding ones in [63] in the r s → 0 limit. Now we compute the effect induced by this correction on the total integrated branching ratios. Results will be obtained by using the values of masses and other SM inputs reported in table 1. The total branching ratio for a particular lepton state is obtained by integrating
dŝ dû over the entire kinematically-allowed range for that . In particular, neglecting the strange quark mass, theŝ range of integration is 4r <ŝ < 1. Table 1 : Numerical inputs for the relevant parameters used in the analysis. Central values of meson and quark masses m i and mean lifetimes τ i are expressed in GeV and seconds units respectively [62] . The quark masses m b and m c correspond to the pole masses of bottom and charm quarks respectively. Effective Wilson coefficients at the NNLO C eff 7,9,10 (µ) (from [10] ) and EM fine structure constant α(µ) are intended to be evaluated at the scale µ = m b . The SM C 7 (M W ) corresponds to m t = 170 GeV [3] .
To avoid intermediate charmonium resonances and non-perturbative phenomena near the end point, we integrate over a particular range ofŝ. Following for instance the prescription in [11] , for = e, µ case we have
In order to reduce the uncertainties in the b → s + − partial width it is customary to normalizing the width to the inclusive semileptonic B decay B → X c e + ν, that is given by
is the strong coupling evaluated at the m b mass. The bottom and charm masses entering above are understood as pole masses. Then the branching ratio is obtained as
with the measured BR exp (B → X c e + ν) = (10.64 ± 0.17 ± 0.06)% [64] . Now, it is useful to decompose the total BR as follows
where ∆ absorbs the O(α) effect of the magnetic-dipole corrections, while BR 0 is the leading contribution, without these corrections. In Table 2 : Results for the total branching ratio BR of B → X s + − , integrated on the various R i bins ofŝ as defined in the text, where BR = BR 0 (1 + ∆ ) for = e, µ, τ , and ∆ includes the magnetic-dipole corrections.
total BR integrated over the various bin regions of m 2 bŝ , and on the total range as provided in Eq. (21, 22) , where regions R i stand for R 1 ∪ R 2 ∪ R 3 in the case of = e, µ and R 1 ∪ R 2 for = τ . The BR l 0 values correspond to the central values of BR exp (B → X c e + ν) [64] and |V cb | = 4.22 × 10 −2 [62] .
In analogy with the strategy adopted in the B → (K, K * ) + − decays (see next section) for analyzing the LFU, we consider the ratios R µ,τ b for the b → s + − decays defined as
where = µ, τ . At this purpose is is convenient to define the deviation ∆ R as
where ∆ R absorbs here the contribution of the magnetic-dipole correction. The results are reported below for two representative integrated bin regions ofŝ close to the lepton mass thresholds, in particular for the muon casē
while for the τ lepton we get
As we can see from these results, the corrections induced by the magnetic-dipole contributions on the LFU in the R µ,e b ratios, do not exceed the 1 per mille effect in the first bin, while it is two order of magnitude in the tau lepton case. The smallness of the contribution is somehow expected, since the contribution of the flavor-changing magnetic dipole operator Q 7 to the amplitude is not dominant in the b → s + − process. Moreover, the interference between the magnetic-dipole correction term and the rest of the amplitude is chiral suppressed. In conclusion, these results show that the expected chiral enhancement induced by the magnetic form factor F 2 in Eq.(10) near the mass threshold (limŝ →4r [F 2 (ŝ)] → m b /m ), can only partially compensate the chiral suppression induced by the interference, when integrated over all the kinematic region in Eqs. (21, 22) .
Here, we analyze the contributions induced by the magnetic-dipole corrections to the final lepton pair, in the exclusive B meson decays B → (K * , K) + − . We parametrize the momenta of the generic decay as
where M stands for K or K * and in parenthesis are reported the corresponding momenta. As mentioned in the introduction, the B → K * + − decay is characterized by an enhancement of the long-distance contributions induced by the photon-pole 1/s coming from the b → sγ * transitions (with γ * standing for a virtual photon), proportional to the effective Wilson coefficient C eff 7 . This enhancement is absent in the b-quark decay b → s + − as well as in the exclusive B → K + − decay. In particular, for s < 1 GeV, the photon-pole gives the dominant contribution to the rate and it still contributes about 30% around s ≈ 3GeV 2 . This is mainly due to the longitudinal polarizations of the vector meson K * , which can contribute to the rate with enhancement factors proportional to m 2 B /m 2 K * ∼ 25. For this reason, we expect the magnetic-dipole corrections to B → K * + − to be larger than in the B → K + − channel. Here we will evaluate the impact of these corrections in the corresponding decay widths and on the R K * ,K ratios.
Decay width for B → K * + −
We start by fixing the notation for the following two kinematic variables
together with the corresponding dimensionless onesŝ = s/m 2 B andû = u/m 2 B . Following the notations of Ref. [12] , the corresponding amplitude can be simply obtained from the one in Eq.(8), by replacing the bi-spinorial quark products appearing in Eq.(8) with the corresponding B meson matrix elements [12] 
where A 0,1,23 (s), V (s) and T 1,2,3 (s) are form factors which depend on s, with the convention 0123 = +1 for the Levi-Civita tensor. The following exact relations hold for the form factors
We have used the updated light-cone sum rules (LCSR) approach of Ref. [21] to evaluate the form factors. In particular, for a generic transition B → V ff , with V a vector meson, the generic hadronic form factor F i can be decomposed as [21] F
where the variable z(t) is defined as
is a simple pole corresponding to the first resonance in the spectrum. Corresponding values for the parameters α i k for the present process can be found in [21] and in table 3. Following the notation of Ref. [12] , we rewrite the amplitude for the process B → K * + − in a compact way as
where the last term includes the magnetic-dipole corrections. The terms M i µ are given by
In analogy with the notation adopted in Eq.(12), we decompose the expression for the corresponding decay width Γ K * as
where as usual Γ K * 0 includes the SM results at the zero order in the magnetic-dipole corrections, while Γ K * M absorbs the terms containing the interference and square of the amplitude containing the magnetic-dipole corrections with the rest of the zero order amplitude.
The analytical expressions for the differential distributions can be found in [12] , where we agree with the corresponding results. Below we provide the new expressions for the new contributions induced by the magnetic dipole corrections, in particular
, with α evaluated at the B meson scale, and
with r K * ≡ m 2 K * /m 2 B . For practical purposes, we omitted theŝ dependence inside the form factors of Eq. (39) . As expected by chirality arguments, the interference terms (proportional to the F 2 form factor) in Eq. (41), are all chiral suppressed, being proportional to √ r = m /m B . The integration regions of the kinematic variablesû andŝ are given by [12] 4r
To avoid confusion, we have used the same symbol forū(ŝ) as in b → s + − decay, although the definition is different due to the hadronic mass of B and K * involved. As above, the variableû corresponds to the θ angle between the momentum of the B meson and the antilepton + in the dilepton center of mass system frame, expressed in this frame by the relationû = −ū(ŝ) cos θ.
After integrating over theû variable, we get
Decay width for B → K + −
We write the amplitude of the process B → K + − using the same notation as in [12] . Concerning the B → K form factors f +,0,T , these are usually defined as
while the other matrix elements involving a γ 5 inside the operator are vanishing by parity.
Regarding the form factors
we will use the parametrization adopted in [15] , where they have been computed in the framework of LCSR
with s = q 2 and
The numerical values for the b i 1 and f i (0) coefficients and resonance masses m res,+,T can be found in [15] , with c i = 1 for i = +, T , and c 0 = 0 due to the absence of a pole for f 0 (s).
Then, the total amplitude, including the magnetic-dipole corrections, can be formally expressed as in Eq.(37) with M 1,2,3 µ given by
where
As in the B → K * transition above, we decompose the differential decay width as follows
with the term Γ K M containing the magnetic-dipole corrections. We report below only the results for the differential decay width Γ K M , which is given by
After integrating overû the results is
The kinematic variables used above are the same as in the K * case in Eq.(31), but with the replacement of m K * → m K . Regarding the corresponding expressions for the dΓ K 0 differential distributions as a function of the parametrization in Eq.(47), these can be found in [12] and we fully agree on their results.
The Sommerfeld-Fermi factor
We consider here the QED long-distance contributions induced by the soft photon exchange [58, 59] . In particular, the re-summation of the leading log terms induced by the soft photon corrections is equivalent to the inclusion of the Coulomb interaction in the wave functions of initial and final charged states. These contributions could become relevant in the kinematic regime where the final charged particles are non-relativistic (in the rest frame of the decaying particle). In our case, this would correspond to the q 2 bin regions close to the dilpeton mass threshold. Therefore, it is expected to contribute to the R K * ,K mainly in the q 2 bin region close to the dimuon threshold q 2 ∼ 4m 2 µ . Since the magnetic-dipole corrections are also expected to mainly contribute to the same q 2 regions, by completeness we will include these corrections in our analysis.
In general, the decay width dΓ 0 (s ij ) for a generic N -body decay is modified by a universal factor [65] that takes into account these soft-photon emission corrections. Following the notation of [60] 
where the kinematic variables s ij are defined as
with p i the momenta of the final states and p 0 that of the decaying particle. The corresponding variables
can also be defined. The energy E is the maximum energy that goes undetected in the process because of the physical limitations of the detector.
Here we retain only the soft-photon corrections that become important when the final states are produced near threshold (in the regime where β ij → 0) and so eq. (55) becomes
is the (resummed) correction due to the Coulomb interaction [58, 59] between pairs of fermions with charges q i and q j . We neglect all other (E and non E-depending) soft-photon corrections that could become important only in the limit β ij → 1.
Since in our numerical analysis we do not include the O(α 2 ) corrections, by consistency we retain in the corresponding widths only the interference terms of magnetic-dipole corrections with the leading order amplitude, and switch off the contribution of the Sommerfeld factor (Ω(ŝ) → 1), in the Γ M contributions.
Numerical results for R K * and R K ratios
We provide here the numerical results for the magnetic dipole corrections on the branching ratios of B → (K, K * ) and the R K * ,K . The values for relevant masses and other SM inputs used to evaluate the BR can be found in table 1.
A 0 0. Table 3 : Central values of the α 0,1,2 parameters and resonance masses m pole , entering in the evaluation of the B → K * form factors A 0,1,12 , V , and T 1,2,23 , as provided in [21] .
Concerning the evaluation of the form factors, provided by the LCSR method, this is one of the main sources of theoretical uncertainties in the predictions of the BRs. However, since the perturbative and non-perturbative QCD contributions mainly cancel out in the R K * ,K , these hadronic uncertainties are expected to be strongly reduced on these observables. This is not the case of the QED corrections, where the QED collinear singularities, inducing corrections of the order (α/π) log 2 (m B /m ), could sizeably affect the the R K * ,K [33] . The same is expected for the QED magnetic dipole corrections, which are manifestly non-universal. For this reason, we present here our numerical results only for a specific values of the form factors, corresponding to the central values of the free parameters entering in the LCSR parametrization. By consistency, in our analysis we retain only the interference terms proportional to F 2 and set to zero the contributions induced by the |F 2 | 2 terms, since the latter are of order O(α 2 ). A consistent embedding of these contributions should require a full NNLO order analysis in α, that goes beyond the aims of the present work.
The B → K * transition
We start by analyzing the B → K * + − decay width. The numerical results corresponds to the central values of the α i l parameters and resonance masses entering in the P i (s) terms, as provided in [21] . The corresponding numerical values are reported in table 3.
In the left plot of Fig.2 we show the curves for the LO corresponding BR distributions dBR/dŝ for both final muon and electron pairs, in the relevant q 2 range 4m 2 µ < q 2 < 6GeV 2 . In the left plot of Fig.3 , we plot the absolute value of the differential BR for the pure magneticdipole corrections. This correction is defined as
where dBR dŝ represents the total contribution and BR LO the leading SM one, without magneticdipole corrections. The curves for q 2 smaller (larger) than the dip point (at q 2 ≈ 2GeV) are negative (positive) respectively. The dip point in this plot, where curves are understood to vanish, is due to a change of sign of the correction.
As expected by chirality arguments, the magnetic-dipole correction to the final electron channel is very suppressed in the relevant q 2 region of q 2 > 4m 2 µ , due to the corresponding chiral suppression in the magnetic form factor F 2 . As we can see from these results the most relevant effect of these corrections for the muon case is achieved in regions of q 2 close to the its threshold. Then, due to the manifest lepton non-universality of these corrections, an impact on the R K * observable is expected at low q 2 .
Finally we stress that the O(α) distribution for the magnetic-dipole contribution does not vanish at the threshold. This is due to the interference between the LO SM amplitude with the magnetic-dipole one proportional to Im[F 2 ]. Indeed Im[F 2 ] scales as Im[F 2 ] ∼ 1/ q 2 − 4m 2 for q 2 → 4m 2 , that can compensate the usual phase space suppression termū ∼ q 2 − 4m 2 . Then, the value at the threshold for the interference term is lim q 2 →4m 2 µ dBR M dŝ (B → Kµ + µ − ) = −2.2 × 10 −11 . Notice that, at the order O(α 2 ), once the contributions of the |F 2 | 2 term are added, the distribution has a singularity and scales as 1/ q 2 − 4m 2 at the threshold. However, this singularity is integrable and does not require any regularization. The narrow region, where the corrections proportional to |F 2 | 2 start to be relevant, is comprised between 4m 2 µ < q 2 < 4m µ (1 + δ), with 0 < δ < 10 −4 . This gives a tiny but finite contribution to the total BR, which is of the order of 10 −15 .
In Fig.4 we show the contributions of the pure Sommerfeld corrections to dBR S dŝ . Since the Sommerfeld corrections are not additive, accordingly to Eq.(55) we define the corresponding Sommerfeld correction on the differential width distribution as
and analogously for the dBR S . Now, we analyze the impact of the magnetic-dipole and Sommerfeld corrections to the ratio R K * as defined in Eq.(1). We parametrize these corrections ∆R M,S K * as
where, as before, the suffix LO stands for the SM contribution without magnetic-dipole corrections, while M and S stand for the corrections induced by the magnetic-dipole and Sommerfeld factor contributions respectively. We also consider the ratios of distributions ρ K * (ŝ) defined as
as well as the relative deviation δρ M,S K * (ŝ) defined as
with same notation as above for the quantities with symbols LO,M,S at the top.
In the left plot of Fig.5 , we show the results for the ρ LO K * (ŝ) as a function of q 2 , for 4m 2 µ < q 2 < 6GeV 2 , while the magnetic-dipole corrections parametrized by δρ M K * , are reported in the left plot of Fig.6 . The LO SM contribution to the ρ is almost the same for the B → K * and B → K transitions, the largest difference is of the order of 1-2% for q 2 < 0.5GeV 2 . Concerning the magnetic-dipole corrections, as we can see from these results, the δρ M K * reaches a maximum of the order of 2 × 10 −3 for q 2 regions very close to the dimuon mass threshold, and drops below 10 −4 for q 2 > 1GeV. The fact that the distribution does not vanish at the threshold is due to the interference term of SM amplitude at the zero order proportional to the Im[F 2 ] term, which removes the phase space suppression factor.
Concerning the Sommerfeld corrections δρ S K * as a function of q 2 , these are reported in the right plot of Fig.6 . As we can see from these results, the δρ S K * function is very peaked in the region close to the threshold, and become smaller than 10 −5 for q 2 > 1GeV. We stress that, while the magnetic dipole corrections are manifestly LF non-universal, due to the chiral suppression term in the magnetic form factor F 2 , the Sommerfeld corrections are non-universal only in very narrow regions close to the dimuon threshold q 2 4m 2 µ . In Table 4 , we report the values for the magnetic-dipole corrections ∆R M K * integrated in some representative set of bins. These results have a statistical error of a few percent due to the Montecarlo integration. As we can see from these results, the largest impact of these corrections affect the regions close to the threshold, in particular on the integrated bins [0.0447, 0.3] and [0.0447, 0.5]GeV 2 , we get ∆R M K * negative and approx of order of ∆R M K * ∼ O(0.1%). Moreover, in the integrated bin region used in the experimental setup, corresponding to [0.0447, 1.1]GeV 2 , we get ∆R M K * ∼ 0.6 × 10 −3 . The impact of the magnetic dipole corrections on R K * becomes totally negligible above the bin regions larger than 1GeV 2 , being smaller than 10 −5 effect.
Concerning the Sommerfeld contribution ∆R S K * , this is positive and relevant only in the narrow region close to the threshold, in particular we get
Smaller values below 10 −4 are expected for ∆R S K * when integrated on q 2 max bin regions above 1GeV 2 . Contrary to the behavior of the magnetic-dipole corrections, the Sommerfeld contributions for q 2 4m 2 µ are almost LF universal, and cancel out in the ratios R K * . Due to a strong fine-tuning cancellations among the Sommerfeld contributions to the corresponding widths of Table 4 : Results for ∆R M K * , the relative QED radiative correction of R K * for B → K * + − induced by the magnetic-dipole corrections as defined in the text, for a representative set of integrated q 2 bins in the range q 2 min < q 2 < q 2 max . muon and electron channels, we do not report the results for ∆R S K * for larger q 2 bins, since each integration is affected by a large statistical error, larger than the required precision for the fine-tuning cancellation.
In conclusion, we found that the largest contribution to the R K * induced by the magneticdipole corrections arises in the regions close to the threshold and it is maximum relative effect is of order of a few per mille. This is well below the present level of experimental precision on R K * (at least in the q 2 bin ranges explored by present experiments) and it is one order of magnitude smaller that the expected leading QED contributions from the soft photon emissions. Same conclusions for the long-distance contributions induced by the Sommerfeld corrections, which is of the same order as the magnetic-dipole ones in regions very close to the threshold, and completely negligible for q 2 max > 1GeV 2 . Finally, we report below for completeness the corresponding results for the ratio R M K * and its corresponding deviation ∆R M K * induced by magnetic-dipole corrections, in the case of dilepton τ + τ − final states, normalized with respect to the dimuon and electron final states. In particular, we define
where = µ, e. For the B → K * τ + τ − decay, the allowed range of q 2 is pretty narrow, where q 2 min = 4m 2 τ and q 2 max = 12.6GeV 2 . Integrating the R τ K * ( ) on this range of q 2 we get R τ K * (µ) R τ K * (e) = 0.39 , ∆R τ K * (µ) = 7.5 × 10 −5 , ∆R τ K * (µ) = 7.9 × 10 −5 .
where ∆R τ K * ( ) is defined as in Eq.(62). As we can see from this results, despite the fact that the magnetic dipole contribution is chirally enhanced by the tau mass, the magnetic-dipole correction ∆R τ K * ( ) is quite small and of the order of 10 −5 . The reason is that in the τ case, the further suppression comes from kinematic due to the reduced allowed range of q 2 . Table 5 : Central values of the F and b 1 parameters and resonance masses m pole , entering in the evaluation of the B → K form factors f +,0,T for the B → K transitions, as provided in [15] . For the f 0 form factor no resonance mass is associated.
The B → K transition
We extend here the same analysis presented above, concerning the magnetic-dipole and Sommerfeld corrections, to the B → K + − decays. Concerning our numerical results, these are obtained by using the central values for the b i 1 and f i (0) parameters entering in the parametrization of the form factors in Eq. (48) , as provided in [15] . The corresponding input values are reported in table 5. In the right plot of Fig.2 we present the results for LO SM contribution to the dBR/dŝ distribution versus q 2 , while the corresponding results for magnetic-dipole corrections dBR M /dŝ are shown in the right-plot of Fig.3 . As for the B → K * transitions, the magneticdipole corrections contains only the contribution of the interference between magnetic-dipole amplitude with the corresponding LO SM one. As we can see from these results, the dBR M /dŝ contribution is always positive for q 2 > 4m 2 µ . The LF non-universality of the contribution is manifest. Its relative effect, with respect to the LO SM contribution, is more suppressed than in the B → K * transitions and it is roughly one order of magnitude smaller than in B → K * . This behavior is well in agreement with the naive expectations based on the enhancement of the magnetic-dipole contributions in the B → K * + − decays. Indeed, as mentioned in the introduction, this enhancement is mainly due to the fact that the FC magnetic-dipole contribution, proportional to C eff 7 , receives an enhancement factor in the B → K * transitions proportional to the m 2 B /m 2 K * factor. This factor arises due to the contributions of the longitudinal polarizations of K * , while it is absent in the B → K transitions. Since the QED magnetic-dipole corrections are proportional to the C eff 7 coefficient, a corresponding enhancement in the BR(B → K * + − ) decays is therefore expected, with respect to BR(B → K + − ).
The Sommerfeld corrections to the BR distribution dBR/dŝ are presented in Fig.7 , for the neutral (left plots) and charged (right plots) B → K transitions respectively. In computing the Sommerfeld corrections to the charged channel, we had to numerically integrate over dû the convolution of d 2 BR/(dŝdû) distribution with the corresponding Ω(ŝ,û) Sommerfeld function. For the charged case, we plot the absolute value of distribution, since at the dip point q 2 ∼ 0.1GeV 2 this correction changes sign. As we can see from these results, the effect of the Sommerfeld enhancement becomes quite large and non-universal in regions of q 2 quite close to the dimuon threshold. A substantial difference induced by this correction appears between the neutral and charged channels. While in the neutral one the Sommerfeld factor is always positive, in the charged channel it changes sign and becomes negative for q 2 > 0.1GeV 2 , as shown by the dip point in the right plot of Fig.6 .
In the right plot of Fig.5 we report the results for [3, 6] 8.0 × 10 −6 Table 6 : Results for ∆R M K , the relative QED radiative correction in R K for B → K + − induced by the magnetic-dipole corrections as defined in the text, for a representative set of integrated q 2 bins in the range q 2 min < q 2 < q 2 max . a function of q 2 in the range 4m 2 µ < q 2 < 6GeV, while in Fig.8 we show the corresponding magnetic-dipole and Sommerfeld corrections, respectively δρ M K (ŝ) (left plot) and δρ S K (ŝ) (right plot), as defined in Eq. (64) .
Results for ∆R M K , the relative QED radiative correction in R K , induced by the magneticdipole corrections are reported in table 6 for a representative set of integrated q 2 bins in the range q 2 min < q 2 < q 2 max . Also these results, as in the ∆R M K * case, are affected by a few percent error due to numerical integration. As we can see from the values in table 6, the impact of these corrections is approximately one order of magnitude smaller than in the R K * case (cfr. table 4), whose larger effect is of order O(10 −4 ) for q 2 bins close to the dimuon mass threshold.
Finally, concerning the effect induced by the Sommerfeld corrections on the ratios R K for the neutral B → K transition, this is positive and relevant only in the narrow region close to the threshold. In particular, by integrating on the q 2 bin regions close to the dimuon threshold, we get for the neutral channel
while for the charged B + → K + we have
As discussed above for the B → K * transitions, these results have a large statistical error (approx 30%), due to the lack of precision in the numerical integration. Smaller values below 10 −4 are expected in both charged and neutral B → K transitions for larger q 2 bin regions. Although, it is quite difficult to experimentally probe q 2 regions too close to the dimuon threshold, larger ∆R S corrections of the order of percent could be obtained, namely Figure 8 : The δρ M K (ŝ) (magnetic-dipole) and δρ S K (ŝ) (Sommerfeld) deviations as defined in the text, as a function of q 2 , in the left and right plots respectively. The blue and the orange curves in the right plot stand for the Sommerfeld corrections to the neutral and charged B → K transitions respectively.
The Dark Photon contribution
interactions . However, in the majority of these proposals the NP contribution is affecting only the Wilson coefficients of four-fermions contact operators that manifestly break the LFU. Here we consider a NP scenario that can provide a LF non-universal contribution to the b → s + − transitions via long-distance interactions, mediated by magnetic-dipole operators. In particular, we explore the possibility of a new s-channel contribution to the b → s + − amplitude, mediated by the virtual exchange of a spin-1 field, namely the dark photon.
We restrict our choice to the case of a massless dark photon (γ), associated to an unbroken U (1) D gauge interaction in the dark sector. Indeed, in contrast to the massive case, the massless dark photon does not have tree-level interactions with ordinary SM fields, even in the presence of a kinetic mixing with ordinary photons [61] . However, in this case the dark photon could have interactions with observable SM sector mediated by high-dimensional operators. This can be understood by noticing that, unlike for the massive case, for a massless dark photon the treelevel couplings to ordinary matter can always be rotated away by matter field redefinitions [61] . On the other hand, ordinary SM photon couples to both the SM and the dark sector, the latter having millicharged photon couplings strength to prevent macroscopic effects.
However, dark photons can acquire effective SM couplings at one-loop, with heavy scalar messenger fields and/or other particles in the dark sector running in the loops. In this respect, the lowest dimensional operators for couplings to quarks and leptons are provided by the (dimension 5) dark magnetic-dipole operators. Therefore, unlike the case of the massive dark photon, potentially large U (1) D couplings in the dark sector would be allowed thanks to the built-in suppression associated to the higher dimensional operators. We recall here that the dark photon tree-level couplings to SM fields, for light scenarios with masses below the MeV scale, is severely constrained by astrophysics on its millicharged coupling with ordinary matters [68] [69] [70] . Therefore, the only viable way to explain the R K,K * anomalies by dark photons is to assume a massless dark photon scenario, thanks also to its possible un-suppressed U (1) D couplings.
The dark photons scenario (mainly the massive ones) has been extensively considered in the literature, in both theoretical and phenomenological aspects, and it is also the subject of many experimental searches (see [66, 67] for recent reviews). Massless dark photon scenarios received particular attentions in the framework of dark sector origin of Dark Matter and also in Cosmology. The role of a massless dark photon scenario in galaxy formation and dynamics has been explored in [71] [72] [73] [74] [75] , while it could also help to generate the required long-range forces among dark matter constituents that could predict dark discs of galaxies [72, 73] .
Recently, in this framewework, a new paradigm has been proposed that could support the existence of a massless dark photon interacting with a U (1) D charged dark sector. This scenario predicts exponential spread SM Yukawa couplings from an unbroken U (1) D in the dark sector [76, 77] , thus providing a natural explanation for the SM flavor hierarchy, as well as a solution for the missing dark matter constituents. Interesting phenomenological implications of this scenario are predicted [78] [79] [80] [81] [82] .
In this framework, the magnetic-dipole interactions of SM fermions with dark photons, included the flavor-changing neutral current transitions, have been analyzed in [79] . This scenario can provide a well defined theoretical framework where to address the origin of such effective couplings.
Inspired by this scenario, we will adopt here a more model independent approach to analyze the impact of such FC neutral current (FCNC) couplings on the b → s + − transitions and R K,K * anomalies. In particular, we will assume the existence of effective magnetic-dipole interactions of SM fermions with dark photons, that can affect the b → sγ interactions and anomalous magnetic moments g − 2 of leptons. At this purpose, we introduce the following effective Lagrangian
where the indices (q, q ) and ( , ) run over all the quarks and leptons species respectively, Λand Λ the associated effective scales, and F µν D = ∂ µ A ν D − ∂ ν A µ D is the corresponding U (1) D field strength associated to the dark photon field A µ D . Then, due to the contribution of the Lagrangian in Eq.(70), the dark-photon mediated amplitude for the b → s + − is given by
where η L,R = ±1 absorbs the overall sign, and we assume the effective scales Λ L,R bs and Λ to be positive. In order to simplify the analysis, we will also assume a universal scale Λ in the dark magnetic-dipole contribution to leptons. For notation of momenta and other symbols we refer to the previous sections. In the following we will neglect the contribution of the Λ L bs since in the interference term with SM amplitude it vanishes in the strange mass m s → 0 limit. Now we can use the results in the previous sections to compute the dark-photon mediated contributions to the BR of b → s + − and on the B → (K, K * ) + − . This can be simply obtained by performing a global replacement of C eff 7 F 2 terms in all previous formulas of BRs. By retaining only the interference terms in the magnetic-dipole corrections, this consists in the following substitution
where Λ eff ≡ Λ R bs Λ . In the following, we will adopt a minimal approach in our analysis by assuming a universal Λ = scale for both = e, µ in the lepton sector. 1 In Fig.9 we present the results for the differential dBR DP /dŝ versus q 2 induced by the dark-photon corrections for B → K * (left plot) and B → K (right plot) transitions, for a representative scale of Λ eff = 70TeV. These plots should be compared with the corresponding ones of QED magnetic-dipole corrections in Fig.3 . Corresponding results for different values of Λ eff can be simply rescaled from Fig.3 , by using the relation BR DP ∼ 1/Λ 2 eff . As we can see from these results, the dark-photon induced corrections to the BRs are manifestly LFV. These are of the order of O(10%) for the B → K * µ + µ − channel and roughly two order of magnitude smaller in the B → Kµ + µ − case. As for the analogous QED corrections discussed in the previous sections, this is due to the fact that the contribution mediated by the magnetic-dipole interactions is enhanced in the B → K * transitions with respect to the B → K ones. Much smaller effects are obtained for the electron-positron final state, due to the chiral suppression proportional to the lepton mass, induced by the interference term with SM amplitude.
Finally, we report below the predictions for the ∆R DP K * and ∆R DP K corrections induced by the dark-photon exchange, for a particular set of q 2 bins (in GeV 2 ), corresponding to η = 1 and Λ eff = 70TeV ∆R DP K * [0.045, 0.5] = 0.13 , ∆R DP K * [0.045, 1.1] = 0.12 , ∆R DP K * [1.1, 6] = 0.046 ,
∆R DP K [0.045, 0.5] = 0.0054 , ∆R DP K [0.045, 1.1] = 0.0058 , ∆R DP K [1.1, 6] = 0.0060 . (74) As we can see from the above results, an effective scale around 70TeV can easily generate corrections of order of 10% on R K * in the bin [0.045,1.1], while these become of order of 5% in the larger bin [1.1,6] . Clearly, by an appropriate choice of Λ eff in the range Λ eff ∼ 50−70TeV and η = −1, the dark-photon correction could easily match the required gap to explain the present SM anomalies on R K * . However, this NP cannot simultaneously account for an analogous explanation of the anomaly in R K (which would also require a contribution of order of 10%), since its effect is of the order of 0.5%. To generate a 10% effect, a smaller scale of the order of Λ ∼ 15TeV would be required, but this would give a too large contribution to R K * .
In order to see the phenomenological viability of such scenario, we analyze the experimental constraints on the Λ eff . For this purpose, we consider two different approaches: i) model independent: we do not make any assumption on the specific dynamics of NP which generates the effective scales Λ bs and Λ ll appearing in Eq. (70) . In this case, these scales should be considered independent from the corresponding NP contribution to the corresponding effective scales associated to the SM magnetic-dipole operators as in Eq.(70) (with dark photon replaced by the ordinary photon).
ii) model dependent: we assume the effective scales in Eq.(70) to be generated by radiative corrections in the particular framework of a renormalizable model for the dark sector. As an example, we take as benchmark model the one in [76, 77] , that predicts these effective scales at 1-loop [79] . In this case, the NP provides correlated contributions to both scales associated to the magnetic-dipole operators with ordinary photon and dark photon [79] . In this case, experimental constraints from the b → sγ decay and anomalous magnetic moment of the muon (g − 2) µ can be used to directly constrain the Λ R bs and Λ scales.
Model independent analysis
We start by analyzing the first hypothesis i). Since dark-photons behave as missing energy at colliders, the only direct bound on the scales Λ L,R bs can arise from the decay b → sX inv (where X inv stands for the inclusive invisible channel), while indirect bounds could come from the B sBs mixing. In particular, the BR(b → sγ) can be conventionally expressed through the experimental BR of semileptonic B decay B → X cν e [79] 
where we take BR exp (B → X cν e) = (10.65 ± 0.16)% from the world average [62] , and the function f 1 ( 
where we assumed for simplicity Λ L bs = Λ R bs . Concerning the limits on the effective scale Λ µµ , the corresponding magnetic-dipole vertex with dark photon could give a contribution to the anomalous magnetic moment of the muon a DP µ = (g − 2) DP µ at 1-loop, with a virtual muon and dark-photon fields running inside. Using naive dimensional analysis and chiral structure, taking into account the loop factors, one can roughly estimate this contribution to be of the order
At the moment there is a 3.7σ deviation from the experimental measurement and SM prediction, in particular the discrepancy ∆a µ is at the level [84, 85] ∆a µ = a exp µ − a SM µ = (2.74 ± 0.73) × 10 −9 .
where the term in parenthesis summarizes the 1σ error. If we impose that the NP lies within the 2σ error range, taking (conservatively) the largest contribution
we get from Eq.(77) that Λ µµ > 300GeV. This combined with Eq. (76) gives
where the effective Λ eff is defined as Λ eff = Λ µµ Λ bs . From these results we conclude that, the scale required to explain the R K * anomalies ( which is of the order of 70TeV) is well allowed by both the (g − 2) µ and b → sX inv constraints. A more careful analysis is required in the evaluation of the a µ contribution induced by dark magnetic-dipole interactions, although we expect that the exact result does not dramatically differ from the naive estimations, thus leaving the above conclusions unchanged. Regarding the constraints from the B sBs mixing induced by the magnetic-dipole interactions in Eq.(70), this computation requires in principle the evaluation of a non-perturbative longdistance effect. However, we can make use of perturbation theory for the magnetic-dipole operator. In this case the tree-level contribution induced by exchange of the virtual darkphoton between B andB 0 is zero
since the corresponding B matrix elements vanish due to the energy and angular momentum conservation. Then, the next (non-vanishing) contribution is expected to appear at higher loops, and therefore to be suppressed. 2
Model dependent analysis
Here we consider the model dependent analysis for the predictions of the effective scales in Eq.(70) in the massless dark photon scenario. This is based on a benchmark model for the dark sector, inspired by [76, 77] . This scenario was proposed as a solution of the Flavor hierarchy problem in the SM, where the SM Yukawa couplings are predicted to arise radiatively from a dark sector and exponentially spread. This model contains dark fermions of up-(Q U i ) and down-type (Q D i , which are singlet under the full SM gauge interactions, and a set of heavy (above TeV scale) scalar messenger fields S U i ,D i L,R , the latter carrying the same SM internal quantum numbers of quarks and leptons. Below we restrict our discussion to the quark sector, but it can be straightforwardly generalized to the lepton sector.
The dark fermions Q U,D couple to the SM fermions by means of Yukawa-like interactions given by
where the index i run over the family generations, and q i L,R are the usual SM SU (2) L doublet and singlet quark fields respectively. In Eq.(82), the fields S 
that add to the corresponding SM contributions. For more details, see [79] . The corresponding Feynman diagrams are given in Fig.10 . The predictions for the above scales in the b → sγ (γ) transitions are
where e D and e are the unity of U (1) D and EM charges respectively, and 0 < ξ < 1 parametrizes the mixing in the left-right sector of the messenger mass matrix. For the definitions of the darkfermion-messenger-quark couplings g L,R and ρ L,R see Ref. [79] for more details. Here f 2 and f 2 are the corresponding loop functions, with x = m 2 Q /m 2 S , where m Q andm S are the mass of the heaviest dark fermion and the average mass of messenger fields running in the loop respectively. The analytical expressions for f 2 (x, ξ) andf 2 (x, ξ) are given in [79] . Formally we two scalesΛ
that shows a large enhancement. Now, we provide the lower bound on the effective scale Λ eff coming from the constraints on the B → X s γ and g − 2 of the muon. By using the B → X s γ constraints at 95 C.L., with the corresponding BR(B → X s γ) evaluated at the next-to-leading (NLO) in QCD, we can derive a (conservative) lower bound on the effective scaleΛ R bs , which is given by [79] 
where R min 7 = 0.139 at 2σ (see [79] for derivation), and other SM inputs can be found in table 1.
From (g − 2) µ we have ∆a µ = 2mµ Λ , and applying the constraint in Eq.(79) we get Λ > 5 × 10 4 TeV
We see that the phenomenological bounds in Eqs.(87) and (88) on the the photonΛ bs andΛ µµ scales respectively, are almost of the same order. Let us assume for simplicity the stronger one, that is of the order of Λ bound = 5 × 10 4 TeV, for both scales. Using the predicted values of the effective scales for the photon couplingsΛ bs andΛ µµ in Eq.(84), we find
with x = m 2 Q /m 2 S , where m Q and m S stand for the associated dark-fermion and messenger mass respectively entering in the effective scale, and e is units of electric charge. Above, in order to maximize the effect, we assumed the other parameters to be of order one, namely the couplings g L,R , ρ L,R = 1 and mixing value ξ = 0.5. As we can see for the plot in Fig. 11 the loop functionf 2 for small x 1 tends to a constant value of the orderf 2 ∼ 0.5. By replacinḡ f 2 → 0.5 inside Eq.(89), we get
By taking into account the experimental lower bounds on colored and EW scalar messenger masses from direct searches at colliders in Eq.(90), this can give an upper bound on the corresponding dark fermion mass m Q . If we roughly set the following bounds m S > 1TeV and m S > 0.3TeV for the colored and EW messenger masses respectively, we get lower bounds on the dark-fermion masses, namely m Q > 1.8 GeV and m Q > 1 GeV for the dark fermion masses entering in the Λ bs and Λ µµ scales respectively. Then this implies Λ eff > 700 TeV 0.1 α D .
As we can see, for α D = 0.1 this scale is just one order of magnitude larger than the required one (70 TeV) to generate large deviation of order 10% on the the R K * via massless dark-photon exchanges. Even taking a large U (1) D coupling in the dark sector, bordeline with perturbation theory (α D ∼ 1), the lower bound on Λ eff would be still 3 times larger than the required one. These conclusions will not be affected by a different choice for g L,R , ρ L,R and ξ in the perturbative regime, since different values of these couplings could be reabsorbed in a rescaling of the m S and m Q masses. Therefore, we conclude that the b → sγ and (g − 2) µ constraints can fully rule out the possibility to explain the present R K * anomaly in the framework of this dark sector scenario.
Conclusions
We evaluated the impact of the QED magnetic-dipole corrections to the final lepton states, for the widths and branching ratios of the B → (K, K * ) + − decays. We also included the Sommerfeld correction factor in the corresponding widths, which reabsorbs the re-summation of the leading logs terms induced by the long-distance contributions in the virtual Coulomb corrections.
Using the current cuts on q 2 adopted by the LHCb collaborations, we found that these corrections do not exceed a few per mille effect on R K * , depending on the integrated q 2 bin regions, while these are one order of magnitude smaller in R K . The largest contribution is achieved in q 2 regions close to the dimuon mass threshold and it is one order of magnitude smaller than the typical corrections induced by the QED soft and collinear photon emissions. In particular, corrections on R K * are of the order of 0.1% and 0.07% for 4m 2 µ < q 2 < 0.5 GeV 2 and 4m 2 µ < q 2 < 1.1 GeV 2 ranges respectively, while they drop down to less than 10 −4 for q 2 > 1 GeV. Concerning the R K , we found that the corresponding deviations are approximately one order of magnitude smaller than in the R K * case, in almost all integrated regions of q 2 . The enhanced effect of magnetic-dipole corrections in the B → K * transitions, against the B → K ones, is due to the contribution of the spin-1 longitudinal polarization of K * .
Regarding the Sommerfeld corrections to R K,K * , these dominate only in the q 2 region close to the dilepton mass threshold. In particular, we found them to be of the order of 0.2% for the B → K * transitions, and 0.1% (0.05%) for the B 0 → K 0 (B + → K + ) respectively, in the integrated range of 4m 2 µ < q 2 < 0.5 GeV 2 . However, unlike the magnetic-dipole correction, the Sommerfeld correction is totally LFU universal for q 2 > 0.5 GeV 2 , and its impact on R K,K * falls rapidly to zero above this q 2 threshold. Moreover, we found that, the contributions of both Sommerfeld and magnetic-dipole corrections are opposite in sign and tend to cancel in the B → K * + − decays, while they add coherently with same sign in the B (0,+) → K (0,+) + − decays. In conclusion, a high experimental precision on the R K,K * measurements of the order of per mille would be required in order to explore the sensitivity of the R K,K * to magnetic-dipole corrections at low q 2 .
Finally, we analyzed the role of a potential NP, mediated by magnetic-dipole interactions, in explaining or softening the discrepancies in the present measurements of the R K,K * observables. In particular, we considered the role a massless dark-photon scenario. The massless dark photon, unlike the massive one, has not any tree-level millicharged interactions with SM matter fields, and mainly couple via magnetic-dipole interactions with SM fermions. In this respect, we considered two possible scenarios. The first one, in which we assume the NP to contribute mainly to the effective magnetic-dipoles of SM fermions with dark-photon. The second one, based on a renormalizable model for the dark sector, in which the NP predicts correlated contributions to both the usual magnetic-dipole interactions of SM fermions with ordinary photons and the corresponding ones with a dark-photon.
In the first scenario, we found that a massless dark-photon exchange could give a O(10%) deviation on R K * , compatible with all present constraints from dark sector searches, flavor physics and (g − 2) µ , that could be a viable interpretation of the present discrepancies on the R K * anomaly. On the other hand, a modest effect on R K is found which could be at the best of a few percent effect, and cannot account for the observed R K anomalies. In the second (modeldependent) scenario, the combined effects of b → sγ constraints at the NLO and (g − 2) µ , allows for a few per mille effect on the R K * and much smaller in R K , ruling out the possibility to explain the present anomalies in this framework.
If future measurements should reduce the gap with SM predictions in R K , while increasing the discrepancy in R K * , this might be interpreted as a smoking gun signature of a LFV longdistance interaction mediated by a massless dark photon exchange. However, a dedicated analysis would be required in this case to disentangle the effect of a massless dark photon exchange from other potential new physics sources.
